
                                                                                                                   Volume XIX, 36 – No. 1, 2017 

 

ISSN 1339-9853 (online), acta-avionica.tuke.sk  ISSN 1335-9479 (print) © 2017 LF TUKE 

 

DETERMINING REFERENCE VALUES OF LQI OUTPUT VARIABLES FOR 

A SMALL SCALE TURBOJET WITH VARIABLE EXHAUST NOZZLE 
 

 

André Ferenc GOGOLA* 
Budapest University of Technology And Economics 

*Corresponding author. E-mail: gogola.andre@gmail.com 

 

 

Summary. Aero-engines are complex, non-linear systems from the perspective of engine control, 

thus designing engine control that is efficient throughout the operating envelope is also a complex 

task. Current aero-engine control researches, whose objective is to cover the operating range of the 

engine are mentioned to receive an insight from the engine control development trends. The aim of 

this work is to initiate the design process of a gain scheduling linear quadratic integral (LQI) control of 

a single spool variable exhaust nozzle small scale turbojet engine by applying an algorithm, that 

converts the thrust lever angle positions into rotor speed and engine pressure ratio reference values for 

the controller, while the thrust force of the engine changes linearly with the thrust lever angle position. 

This work presents the measurement that provides the dataset for the algorithm, and uses the linearized 

state space model of the turbojet to determine the variables for which the reference values must be 

obtained. Then the calculation process for the determination of reference points based on the 

measurement data is detailed. Finally, the results of the applied process for the investigated small scale 

turbojet engine are indicated. 
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1. INTRODUCTION 

 

Gas turbines are commonly used in various segments of the industry for power generation. Besides 

being used in power-plants for electrical and heat energy production from the hundreds kW power 

range to the hundreds of MW power range [11],[12], gas turbines are also efficiently used in the 

transportation industry. Aviation industry is the most significant area, where numerous types and sizes 

of gas turbines exist. Aviation gas turbines are primarily used for aircraft propulsion with a wide 

operating envelope; but auxiliary power units on large aircraft are also used, which are almost without 

exception constant speed gas turbines, and they provide electrical power, pressurized air and 

occasionally hydraulic power for the systems of the aircraft. Gas turbines can provide efficient 

propulsive power for transport aircraft in the form of high bypass ratio turbofans with mass flows in 

excess of 1000 kg/s [13], high thrust at a low bypass ratio for fighter aircraft with afterburning 

capabilities [1],[8]; it can also be integrated with a reduction gearbox to drive a propeller [2], and can 

also be fitted on unmanned air vehicles (UAVs) in the form of micro gas turbines [17]. 

Aviation gas turbines used for propulsion have a wide range of operation, where efficient control of 

the engine must be ensured. The gas turbine engine is a complex time-varying multivariable non-linear 

system from the controlling perspective [18], which makes the development of a fast and efficient 

controller covering the whole operating range a challenging task, as a single linear controller is 

efficient only in the vicinity of one specified working point of the gas turbine. Recent studies 

investigated developing gain scheduling controllers [3],[19], where the gas turbine characteristics are 

linearized around chosen design points. A linear controller is designed on each point, and by using an 

interpolating algorithm, a nonlinear control law can be designed throughout the gas turbine operating 

range [18]. Gain scheduling based on a Linear Parameter Varying (LPV) system is different from 

traditional gain scheduling method, because it designs a controller directly for the whole operating 

range [18]. LPV with gain scheduling is widely applied in aero-engines [20], however to achieve 
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superior description of nonlinear dynamics over the LPV controller, researches were executed on 

developing switched LPV controllers [20],[21]. A different method for obtaining non-linear engine 

control is by applying Equilibrium Manifold Expansion (EME) model, where mapping around the 

equilibrium points connect the equilibrium point to the appropriate linear model [4]. Model Predictive 

Control (MPC) has also been recently investigated for numerous gas turbine control applications [[5], 

[6], [22], [23]], real-time implementation is also researched, however the computational capacity of 

real time MPC models is significant. Usually a model reduction is required for real-time 

implementation. Yet, the application of MPC is limited in aero-engines [24], however it can be found 

in industrial applications [6]. To achieve efficient control over wider operating range, adaptive MPC is 

investigated by Du et al [5]. 

In the second part of this work, the measurement for the calculations process is presented, followed 

by the mathematical model of the turbojet and the explanation of the reason for calculating reference 

values. The third chapter will detail the calculation process, while the fourth chapter indicates the 

results of the application of the process. 

 

 

2. MEASUREMENT DATA, MODEL LQI CONTROL PRELIMINARIES 

 

2.1 The investigated turbojet and measurement data  

 

 
Figure 1. Aerodynamic stations of the investigated turbojet engine TKT-1 [7] 

 

The turbojet engine investigated in this work is the TKT-1 single spool turbojet engine with 

variable convergent exhaust nozzle; the modified version of the auxiliary power unit TS-21. The cross 

section view with the aerodynamic stations of the jet engine is demonstrated in Figure 1. The dataset 

for the calculation process is obtained by quasi-stationary measurements on a test stand with the 

ambient and boundary conditions tabulated in Tab. 1.  

 
Table 1. Results of calculations process for ten reference points 

Boundary Condition 
Exhaust nozzle area 

A8 [cm2] 

Rotor speed range 

[100/min] 
Ambient conditions 

  idle full thrust p
0
* [kPa] T0

* [°C] 

exhaust nozzle open 75 303,19 450.17 
98.55556 15.9 

exhaust nozzle closed 150 209.69 427.64 

 

The purpose of the measurement was to map the operating envelope of the turbojet and to provide a 

data set for the calculation of reference values. The measurements mapped the operating envelope of 

the engine under two conditions: variable exhaust nozzle closed, variable exhaust nozzle open. The 

rotor speed range against time is indicated in Figure 2, the rotor speed in both conditions varied from 

engine idle to full thrust setting. As it can be seen on Figure 2, the engine was slowly accelerated from 

idle at 1 minute and achieved full thrust at 2 minute 1 seconds for the exhaust nozzle closed position 

and the slope abruptly started to converge to horizontal for the exhaust nozzle open position. The 
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acceleration time of approximately one minute is deemed by the author to be gentle enough to 

consider the measurement quasi stationary. 

The investigated gas turbine engine incorporates a minimum fuel supply protection to avoid flame 

out, and also a maximum fuel pressure protection, to avoid over speed of the rotor; thus due to these 

two protections, the fuel supply range during both measurements were the same. Figure 2 indicates 

that the engine idle rotor speed is approximately 10000 rpm lower with the exhaust nozzle in the 

closed position, which is due to the increased load on the engine by the reduced outflow area. 

 

 
Figure 2. Rotor speed against time during the measurements 

 

The data directly obtained from the measurement throughout the operating envelope – which will 

be further utilized in this work – are the total inlet pressure p
1
*, the total temperature and pressure at the 

turbine outlet T4
* and p

4
*. The rotor speed n and mass flow at the variable exhaust nozzle outlet ṁ8 were 

determined from the measurement data by using thermo-dynamical equations, while the engine 

pressure ratio (EPR) was determined from the measurement data based on its definition. The measured 

variables for both conditions will be indicated later on the figures prepared to determine the reference 

values. 

 

2.2. Mathematical model of the investigated turbojet engine 

 

The mathematical model of the investigated turbojet engine is linearized by first order Taylor series 

linearization method to establish an accurate model in the vicinity of the chosen working point with 

small computation penalty. The linearized equations are represented in a state space model, written in 

the deviational form [7]: 

 

�̇̃�(t)=A�̃�(t)+B�̃�(t) (1) 

�̃�(t)=C�̃�(t)+D�̃�(t) 
 

In equation (1), �̃�, �̃� and �̃� stand for the transformed state, the input and output vectors, A, B, C 

and D represent the system, input, output and feedforward matrices. The matrices of the state space 

equations are identified by measurements in [25]. The state variable of the turbojet engine stand of 

five elements [14], that are the rotor speed 𝑛, total pressure and temperature at the turbine inlet 𝑝3
∗ and 

𝑇3
∗, exhaust nozzle inlet total temperature 𝑝6

∗ and 𝑇6
∗ (2): 

 

 x=[n  p
3 
*  T3

*  p
6
*  T6

*]
T
 (2) 

 

There are two possible parameters of the engine that can be changed during the operation, thus the 

input vector consists of these two elements, such as the fuel mass flow rate ṁfuel and the outlet area of 

the exhaust nozzle A8 as described in (3): 
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 u=[ṁfuel  A8]
T
 (3) 

 

The primary purpose of the engine control is to maintain constant thrust output at a given position 

of the throttle lever. The system consists of two output variables; this means that there are two output 

parameters which indicate the thrust force generated by the engine. Conventionally, the two variables 

selected are the engine rotor speed and engine pressure ratio (EPR), based on the reports of [26]. The 

output vector is represented in (4): 

 

 y=[n EPR]
T
 (4) 

 

EPR can be defined as the ratio of the exhaust nozzle inlet total pressure p
8
* and the compressor 

inlet total pressure p
1
*: 

 

 𝐸𝑃𝑅 =
𝑝8

∗

𝑝1
∗ (5) 

 

2.3. Reference values for the turbojet LQI controller 

 

Numerous instabilities may arise in a jet engine around a working point [9] due to real environment 

disturbances which are not modelled. Blade flutter, rotating stall, and thermo-acoustic instabilities – if 

uncontrolled – may couple with resonant modes and lead to fluctuations of the output variables and 

even to engine damage [27]. To stabilize the output variables and the thrust force, an LQI optimal 

controller was developed for the investigated turbojet engine in [28]. The selected LQI technology is 

able to suppress disturbances at the design point and maintain reference values. 

The aim of the present work is to initiate the expansion of the LQI controller from the chosen 

working point to the operating envelope of the investigated turbojet engine by describing the process 

for determining the reference values of the output variables. By this method, also a relationship can be 

created between the thrust lever angle and the thrust force produced, which is advantageous from the 

operational perspective. The established reference values will be utilized to design a gain scheduling 

controller based on LQI control which covers the engine operating range. 

 

 

3. ESTABLISHING OPERATING ENVELOPE AND CALCULATION PROCESS 

 

3.1. Establishing the operating envelope for the reference values 

 

Prior to the establishment of the reference values, the considered operating envelope of the engine 

needs to be nominated carefully. As it was visible on Fig. 2Figure 2, the idle speed of the engine with 

closed exhaust nozzle is approximately 10000 rpm lower – around 21000 rpm –, than the idle speed 

with variable exhaust nozzle open. The idle speed for the engine is chosen with the variable exhaust 

nozzle open condition, as it has two advantages over the other closed exhaust nozzle conditions. 

Figure 4 a) shows, that lower gas temperatures can be maintained, which saves engine life. On the 

other hand, engine acceleration from the exhaust nozzle open idle is faster, than for the closed exhaust 

nozzle case. It means that a more responsive engine could be achieved. 

Due to the high thrust force value indicated by Figure 3, the full thrust setting of the engine is 

chosen at 45000 rpm with the exhaust nozzle closed position. Although measurement data with close 

exhaust nozzle is available only up to 42764 rpm, the engine still operates in the safe range at 45000 

rpm. On Figure 3 and Figure 4, this is the reason why the reference value curves exceed the 

measurement data. At the current control setting of the engine, the 45000 rpm would be achieved by 

supplying more fuel into the combustion chamber, while the exhaust nozzle is in the fully closed 

position. 
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3.2. Calculation process for determining the reference points 

 

It is essential for the aviation turbojet operator to establish a linear relationship between the throttle 

lever angle and the thrust produced by the engine. This enables the operator easy and quick thrust 

selection with the throttle lever. The calculation process for the reference values for the gain 

scheduling LQI control is based on this requirement. The thrust force data obtained from the 

measurement throughout the operating envelope with closed and open variable exhaust nozzle was 

evaluated and used to create a linear relationship between the idle throttle lever position (with the 

variable nozzle fully open) and the maximum thrust position of the throttle lever (with the variable 

nozzle fully closed). These two extremities of the operating envelope represent the engine idle and full 

thrust position. Linear interpolation technique is used to calculate the reference thrust values at regular 

throttle lever angle (TLA) intervals (6): 

 

 Ft=
Ft,max-Ft,min

TLAmax-TLAmin
TLAref+Ft,min (6) 

 

The established thrust reference values and the data obtained from the measurements are 

demonstrated in Figure 3. 

 

 
Figure 3. Established reference thrust values 

 

 
Figure 4. Total turbine outlet temperature a), mass flow against rotor speed b) 

It is not possible to directly measure thrust force values of the jet engine when it is installed on the 

aircraft [10], thus the calculated reference thrust values need to be converted to EPR values. A linear 

relationship is established based on the measurement from engine idle to full thrust force between the 

rotor speed and the mass flow at the exhaust nozzle outlet, and between rotor speed and the total 

turbine outlet temperature as well (7), (8): 
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 ṁ8=0,00187n+0,1245 (7) 

 

 T4
*=n+480 (8) 

 

The exhaust nozzle of the investigated turbojet engine is unchoked, which means that the jet efflux 

expands to ambient pressure. Consequently, the speed of the outflow is proportional solely to the 

thrust force and the mass flow over the variable exhaust nozzle, which was already approximated in 

(9). The known speed of the flow at the outlet of the exhaust nozzle makes it possible to determine the 

total pressure at this station with an approach using the critical speed and gas dynamic equations [15]: 

 

 c8=
Ft

ṁ8
 (9) 

 

 ccr=√
2γ

γ+1
R T4

*;           λ=
c8

ccr
 (10) 

 

 p
8
*=p

0
(1-

γ-1

γ+1
λ

2)
-

γ

γ-1
 (11) 

 

In equations (10) and (11) the change of the specific heat and thus the specific heat ratio (γ) with 

temperature is approximated with a polynomial based on [16]. Finally, the reference point of the EPR 

at each chosen thrust and rotor speed value can be determined by equation (5). 

 

 

4. RESULTS 

 

The previously described calculation process was executed for ten reference points. Tab. 2 presents 

the results for the steps of the process and the determined reference values for the output variables. 

The received reference points will be utilized to design a gain scheduling LQI control covering the 

whole operating envelope for the investigated turbojet engine. As the table indicates, the main 

achievement of the calculations process is, that based on only one operating variable – the throttle 

lever angle – the desired reference output of a multivariable system is determined, which ensures a 

linearly changing thrust force value with the throttle lever angle position. 

The results show that a nearly linear relationship exists between the engine pressure ratio and the 

thrust force, and between engine pressure ratio and the rotor speed as well. The non-linearity exists 

due to the non-linear variation of the exhaust nozzle speed with the increasing rotor speed, and to the 

non-linear gas dynamic functions which describe the exhaust nozzle total pressure, and the 

temperature dependency of the specific heat ratio. The engine pressure ratio reference values were 

determined based on a constant total inlet pressure throughout the measurement. Corresponding to the 

basic measurement, it is visible on Figure 5 that to increase the thrust force, both the engine EPR and 

rotor speed must increase. Rotor speed is mainly controlled by the mass flow of the fuel into the 

combustion chamber, while changing the exhaust nozzle area with the variable exhaust nozzle, makes 

possible adjusting the engine pressure ratio. 

 

 
Table 2. Results of calculations process for ten reference points 

TLA [%] Ft [N] n [100/min] EPR ṁ8 [kg/s] c8 [m/s] T4
*[K] p

8
* [bar] 

0 80,00 300,00 1,0305 0,69 115,76 780,00 1,0442 

10 102,00 314,50 1,0452 0,72 141,65 794,50 1,0591 

20 124,00 329,00 1,0613 0,75 165,53 809,00 1,0753 

30 146,00 343,50 1,0781 0,78 187,64 823,50 1,0924 
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40 168,00 358,00 1,0954 0,81 208,15 838,00 1,1099 

50 190,00 372,50 1,1129 0,84 227,25 852,50 1,1277 

60 212,00 387,00 1,1304 0,87 245,06 867,00 1,1454 

70 234,00 401,50 1,1477 0,89 261,72 881,50 1,1629 

80 256,00 416,00 1,1647 0,92 277,33 896,00 1,1802 

90 278,00 430,50 1,1813 0,95 291,99 910,50 1,1970 

100 300,00 445,00 1,1974 0,98 305,78 925,00 1,2133 

 

The relationship between the thrust force and the output variables is demonstrated in Fig.5. 

 

 
Figure 5. Established reference points plottedrotor speed, EPR, thrust force 

 

 

5. CONCLUSION 

 

The introduction intended to give a presentation about the latest trends of the aero-engine control. It 

was also visible, that the aero-engine is a complex system with non-linear characteristics if the whole 

operating envelope of the engine is considered, thus designing a controller for that is efficiently usable 

throughout the operating range is a demanding task. The aim of this work is to present a calculation 

process based on measurement used for determining the reference values of output variables that are 

applied in a gain scheduling LQI control, that covers the operating range of the investigated variable 

exhaust nozzle single spool turbojet engine, TKT-1. The calculation process mainly uses linear 

relationships that are established based on the measurement data, and gas dynamic equations to 

determine the reference EPR values. The application and results of the calculation process were then 

explained in chapter 4 of the work. The investigated jet engine has only one operating variable, the 

throttle lever angle. The main achievement of this work is, that the introduced calculation process can 

feed a multivariable system with output reference values, namely the rotor speed and engine pressure 

ratio. Furthermore, the algorithm creates the reference values in such a way, that the thrust force 

created by the engine changes linearly as the function of the throttle lever angle. 
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